n , we show that each homogeneous joint invariant subspace M of T has finite index and is generated by its wandering subspace. Under suitable conditions on the grading (H k ) k≥0 of H the algebraic direct sumM = ⊕ k≥0 M ∩ H k becomes a finitely generated module over the polynomial ring C [z]. We show that the wandering subspace W T (M ) of M is contained inM and that each linear basis of W T (M ) forms a minimal set of generators forM . We describe an algorithm that transforms each set of homogeneous generators ofM into a minimal set of generators and can be used to compute minimal sets of generators for homogeneous ideals I ⊂ C[z]. We prove that each finitely generated γ-graded commuting row contraction T ∈ B(H) n admits a finite weak resolution in the sense of Arveson [4] or Douglas and Misra [7] .
Introduction
Let T ∈ B(H) be a bounded linear operator on a complex Hilbert space H and let M ⊂ H be a closed T -invariant subspace. Following Halmos [12] one defines its wandering subspace by W T (M ) = M ⊖ T M . It is obvious from the definition that
for all k ∈ N \ {0}. Beurling's invariant subspace theorem implies that, for each closed linear subspace M ⊂ H 2 (T) of the Hardy space on the unit circle which is invariant under the operator M z of multiplication with the argument, the wandering subspace W Mz (M ) is one-dimensional and generates M as an invariant subspace. More precisely, there is an inner function θ ∈ H ∞ (T) such that W Mz (M ) = Cθ and
For an arbitrary operator T ∈ B(H) and a closed T -invariant subspace M ⊂ H, the number ind(T ) = dim W T (M ) is usually called the index of M . The operator T is said to possess the wandering subspace property if each closed T -invariant subspace M ⊂ H is generated by its wandering subspace in the sense that
It is well known that the Bergman space L 2 a (D) of all square integrable analytic functions on the unit disc contains M z -invariant subspaces of infinite index (cf. [1] or [14] ). On the other hand, it was shown by Aleman, Richter and Sundberg [2] that M z ∈ B(L 2 a (D)) possesses the wandering subspace property. More generally, results of Shimorin [18] , Hedenmalm and Zhu [13] , and others, show that the multiplication operator M z on the analytic functional Hilbert spaces H(K m ) ⊂ O(D) given by the reproducing kernels K m (z, w) = 1 (1 − zw) m possesses the wandering subspace property for 1 ≤ m ≤ 3, but fail to have this property for m > 6. If the unit disc is replaced by the unit ball in B ⊂ C n , then the situation becomes more involved. It is known that in the standard analytic functional Hilbert spaces on the unit ball such as the Drury-Arveson space, the Hardy or Bergman space, there exist invariant subspaces of infinite index and that each of these spaces contains invariant subspaces that are not generated by their wandering subspace [5] .
In this note we show that, for Hilbert spaces H that admit a suitable grading H = ⊥ ∞ k=0 H k and shift-like commuting tuples T ∈ B(H) n , each homogeneous joint invariant subspace M of T has finite index and is generated by its wandering subspace. More precisely, let us suppose that there is a weight tuple γ = (γ 1 , . . . , γ n ) consisting of positive integers γ i > 0 such that T i H k ⊂ H k+γ i for k ∈ N and i = 1, . . . , n.
We call a closed subspace M ⊂ H homogeneous if it admits the orthogonal decom-
Under the hypothesis that the space H 0 is finite dimensional and that H = k∈N n T k H 0 we show that each wandering subspace of a homogeneous joint T -invariant subspace M is finite dimensional and that M is generated by its wandering subspace in the sense that
Furthermore we show that the maps assigning to each homogeneous joint T -invariant subspace its wandering subspace and conversely, to each homogenous wandering subspace of H the invariant subspace that it generates, define bijections that are inverse to each other.
Under the above conditions the algebraic direct sumM = ⊕ ∞ k=0 M ∩ H k becomes a finitely generated C[z]-submodule of H with respect to the module structure
We show that, for each homogeneous joint T -invariant subpace M ⊂ H, its wandering subspace W T (M ) is contained inM and that each linear basis of W T (M ) forms a minimal set of generators for C[z]-moduleM . We deduce an algorithm which transforms each finite set of homogeneous generators forM into an orthogonal basis of W T (M ) and hence into a minimal set of generators forM . By applying the above results to the closure of a homogenous ideal I ⊂ C[z] in the Hardy space on the unit polydisc D n ⊂ C n one obtains an algorithm that transforms each set of homogeneous generators of I into a minimal set of homogeneous generators. We prove that each finitely generated γ-graded commuting row contraction T ∈ B(H) n admits a unique weak resolution in the sense of Arveson [4] and Douglas and Misra [7] . We thus extend results of Arveson [4] to the case of γ-graded tuples.
Preliminaries
Let T = (T 1 , . . . , T n ) ∈ B(H) n be a commuting tuple of bounded linear operators on a complex Hilbert space H. We write Lat(T ) for the set of all closed linear subspaces
We say that W is a generating wandering subspace for T if in addition H = [W ]. If W ⊂ M ⊂ H are closed subspaces of H with M ∈ Lat(T ), then obviously W is a wandering subspace for T if and only if it is a wandering subspace for the restriction T |M = (T 1 |M, . . . , T n |M ) of T onto M . For each closed invariant subspace M ∈ Lat(T ), the space
is a wandering subspace for T . We call this space the wandering subspace associated with T |M . If W is a generating wandering subspace for T , then an elementary argument shows that necessarily W = W T (H) is the wandering subspace associated with T . Indeed, if w ∈ W , then since each element in H can be approximated by linear combinations of vectors of the form T k h (k ∈ N n , h ∈ W ), it follows that w ∈ W T (H). To prove the opposite inclusion, it suffices to observe that the orthogonal decomposition
holds for each wandering subspace W that is generating for T .
Homogeneous invariant subspaces
Let T ∈ B(H) n be a commuting tuple of bounded linear operators on H. Throughout the whole paper we shall suppose that the underlying Hilbert space H admits an orthogonal decomposition H = ⊥ ∞ k=0 H k with closed subspaces H k ⊂ H. We call an element h ∈ H homogeneous (of degree k) if h ∈ H k for some k ∈ N. Let γ = (γ 1 , . . . , γ n ) be an n-tuple of positive integers γ i > 0. The tuple T ∈ B(H) n is said to be of degree γ with respect to the above orthogonal decomposition of H, or simply γ-graded, if
An elementary exercise left to the reader shows that a closed linear subspace M ⊂ H is homogeneous if and only if one of the following equivalent conditions holds:
where P M and P H k are the orthogonal projections of H onto M and H k . For a homogeneous subspace M ⊂ H, the spaces M k = M ∩ H k are referred to as the homogeneous components of M . For convenience, we define M k = {0} for each integer k < 0. If T ∈ B(H) n is of degree γ with respect to the decomposition H = ⊥ ∞ k=0 H k and M ∈ Lat(T ) is homogeneous, then the restriction T |M ∈ B(M ) n and the compression P M ⊥ T |M ⊥ ∈ B(M ⊥ ) n are of degree γ with respect to the orthogonal decompositions
Lemma 2.1. Let T ∈ B(H) n be a commuting tuple of degree γ. Then the wandering subspace W = W T (H) associated with T is generating for T and homogeneous with
Proof. Let h = ∞ j=0 h j ∈ W be given with h j ∈ H j for all j. For i = 1, . . . , n and x = ∞ j=0 x j ∈ H with x j ∈ H j for all j, we obtain
The reverse inclusion is obvious. To prove that W is generating for T we show by induction that
has been shown for k = 0, . . . , j − 1. Then the observation that
completes the proof. LetH = ⊕ ∞ k=0 H k be the algebraic direct sum. If in the setting of Lemma 2.1 all the spaces H k (k ≥ 0) are finite dimensional, then the inductive argument used in its proof shows thatH
where the space on the right-hand side denotes the linear span of the spaces T k W . Let M ⊂ H be a homogeneous closed subspace. Then the T -invariant subspace [M ] ∈ Lat(T ) generated by M is homogeneous again. To see this, note that
and that the space on the right is a closed invariant subspace for T .
Corollary 2.2. Let T ∈ B(H) n be a commuting tuple of degree γ. Then the mapping
defines a bijection between the homogeneous wandering subspaces for T and the homogeneous closed T -invariant subspaces. The inverse of this mapping is given by
Proof. By the remarks preceding Corollary 2.2 the space [W ] ∈ Lat(T ) is homogeneous for each homogeneous wandering subspace W of T . As seen in the introduction
Let us denote the space of all γ-homogeneous polynomials of degree k by
Here by definition α, γ =
HenceH is a graded module over the graded ring C[z].
Of particular interest for us will be the case that the C[z]-moduleH is finitely generated. It is well known (Theorem 4.12 in [17] ) that in this case the linear subspaces H k ⊂ H are all finite dimensional. An elementary argument left to the reader shows that the C[z]-moduleH is finitely generated if and only if there is a natural number k 0 ∈ N such that the spaces H k are finite dimensional for k = 0, . . . , k 0 and such that
Recall that a commuting tuple T ∈ B(H) n is called N -cyclic, for a given natural number N ≥ 1, if there is a tuple (
and if N is the minimal natural number with this property.
Theorem 2.3. Let T ∈ B(H) n be a commuting tuple of degree γ. Then the following conditions are equivalent:
-moduleH is finitely generated.
In this case, N = dim W T (H) is the minimal number of generators of the
C[z]- moduleH = ⊕ ∞ k=0 H k ,
the tuple T is N -cyclic and each basis of the vector space
Proof. The implication (iii) to (i) holds obviously. Indeed, if {x 1 , . . . , x ℓ } is a finite generating set for the
Then for a vector x ∈ H, there are polynomials p ij (i = 1, . . . , ℓ, j ∈ N) such that
Hence N ≤ ℓ. In particular, the number N is finite. To complete the proof let us suppose that W T (H) is finite dimensional. Since by Lemma 2.1 the space W T (H) is the orthogonal direct sum of its homogeneous components W T (H) ∩ H k , we obtain that W T (H) ⊂H. Let k ∈ N and x ∈ H k be arbitrary. By Lemma 2.1 the vector x is the limit of a sequence of finite sums of the form
Since T α i x i ∈ H α i ,γ +k i , we find that x = P H k x is the limit of a sequence in the finite-dimensional and hence closed subspace
Let us say that a commuting tuple T ∈ B(H) n is finitely generated and γ-graded if T ∈ B(H) n is of degree γ with respect to the orthogonal decomposition H = ⊥ ∞ k=0 H k and satisfies one of the equivalent conditions in Theorem 2.3. Note that if T ∈ B(H) n is finitely generated and γ-graded, then so are each restriction T |M of T to a homogeneous closed T -invariant subspace M and each compression P M ⊥ T |M ⊥ of T to the orthogonal complement of M . Indeed, the algebraic direct sum
is a finitely generated C[z]-module as a submodule of the finitely generated C[z]-moduleH (Proposition VI.1.4 in [15] ) and
Corollary 2.4. Let T ∈ B(H) n be a commuting tuple. Suppose that T is finitely generated and γ-graded.
(a) Then the map
defines a bijection between the homogeneous wandering subspaces of T and the homogeneous closed T -invariant subspaces with inverse acting as
Proof. (a) As seen in Corollary 2.2 part (a) holds for every commuting tuple T ∈ B(H) n of degree γ without the extra condition that H is finitely generated.
(b) Since T |M is finitely generated and γ-graded again, part (b) follows from Theorem 2.3 applied to T |M . Let T ∈ B(H) n be a commuting tuple that is finitely generated and γ-graded. By Theorem 2.3 there are finitely many natural numbers 0
By choosing a basis (x ij ) j=1,...,N i in each of the vector spaces
. . , r), one obtains a minimal set {x 11 , . . . , x 1N 1 , . . . , x r1 , . . . , x rNr } of generators for the C[z]-moduleH = ⊕ ∞ k=0 H k consisting of homogeneous elements. A well known result from commutative algebra says that, for a minimal set of homogeneous generators of a graded module, the number of generators of any given degree k is uniquely determined. We give an elementary argument for this result in our setting. For a finite set F , we denote by #(F ) its number of elements.
Lemma 2.5. Let T ∈ B(H) n be a commuting tuple that is finitely generated and γ-graded. Then we have:
defines an isomorphism of complex vector spaces. 
Proof. Define N = dim W T (H) and fix a generating set {x 1 , . . . ,
Hence dimH/ n i=1 T iH ≤ N . Let P ∈ B(H) be the orthogonal projection onto W T (H). Then for x ∈ H,
Hence the linear map Corollary 2.6. Let T ∈ B(H) n be a commuting tuple that is finitely generated and γ-graded. Then we have:
. . , x N ∈H generateH as a C[z]-module and if x ∈ H is arbitrary, then
x ∈ ( n i=1 T i H) ⊥ if and only if x, T α x i = 0 for i = 1, . . . , N and α ∈ N n \ {0}.
Proof. Since W T (H) is finite dimensional and homogeneous, it follows that W T (H) ⊂ H.
To complete the proof of part (a) note that with the notation from the proof of Lemma 2.1
To prove the non-trivial implication in part (b), fix a vector x ∈ H with x, T α x i = 0 for i = 1, . . . , N and α ∈ N n \ {0}. By hypothesis each element in n i=1 T i H is the limit of a sequence of elements of the form
with q ij ∈ C[z]. It follows that x is orthogonal to the space
Let T ∈ B(H) n be as in Corollary 2.6. Suppose that the C[z]-moduleH = ⊕ ∞ k=0 H k is generated by non-zero homogeneous elements form a set of non-zero homogeneous generators
for the C[z]-moduleH with 0 ≤ k 1 < . . . < k r . The above observations can be used to formulate an algorithm which produces a minimal set of homogeneous generators forH. Suppose that there is an integer 1 ≤ s < r such that the orthogonality relations The above algorithm can also be used to construct a minimal generating set forH that is contained in the original set {x 1 , . . . , x N } of homogeneous generators. Indeed, note that with the above notations, the vectors y s µ (µ = 1, . . . , n s ) are of the form
with suitable 1 ≤ i 1 < . . . < i ns ≤ N s . Hence the submodule M p is also generated by the set {x
Therefore in the above inductive procedure the vectors x s 1 , . . . , x s Ns can also be replaced by the vectors
Let H 2 (D n ) be the Hardy space on the unit polydisc D n ⊂ C n . Then the Hilbert space H 2 (D n ) admits the orthogonal decomposition
where H k is the space of all homogeneous polynomials of degree k. The coordinate functions z i are multipliers of H 2 (D n ) and the induced multiplication operators
Hence all the preceding results apply to
The ideal I can be recovered from M as the algebraic direct sum
Hence the above algorithm applies and transforms each set (p 1 , . . . , p N ) of homogeneous generators of I into a minimal set of homogeneous generators for I. The Hardy space H 2 (D n ) can be replaced by any other Hilbert space completion of C[z] yielding the above graded structure such as the standard analytic functional Hilbert spaces H m (B) ⊂ O(B) on the unit ball B ⊂ C n considered in [9] .
3 Free resolutions of graded row contractions Let T ∈ B(H) n as before be a finitely generated γ-graded commuting tuple. In this section we suppose in addition that T is a row contraction, that is, a commuting tuple T ∈ B(H) n with
We extend ideas of Arveson [4] to the γ-graded case to construct weak resolutions of T . For an arbitray Hilbert space E, we denote by H 2 n (E) the E-valued Drury-Arveson space, that is, the analytic functional Hilbert space H 2 n (E) ⊂ O(B, E) defined by the reproducing kernel
We write M z = M E z ∈ B(H 2 n (E)) n for the commuting tuple consisting of the multiplication operators with the coordinate functions. Since T is γ-graded, it follows that T is a pure row contraction, that is,
By a well known invariant subspace result (see e.g. Theorem 4.1 in [5] ) there are a Hilbert space E 0 and a surjective partial isometry Π 0 ∈ B(H 2 n (E 0 ), H) with Π 0 M z i = T i Π 0 for i = 1, . . . , n. We define
where we regard E 0 ⊂ H 2 n (E 0 ) as the closed subspace consisting of the constant functions. By Theorem 5.2 in [5] the map Π 0 induces a unitary operator
By Theorem 2.3 there is an integer K ≥ 0 such that
Then D 0 has the orthogonal decomposition
where H i denotes as before the space of all γ-homogeneous polynomials of degree i.
for ν = 1, . . . , n and k ≥ 0 the tuple M z ∈ B(H 0 ) n is of degree γ with respect to the decomposition H 0 = ⊥ ∞ k=0 H 0 k . The algebraic direct sum
→ H is continuous linear with dense range, intertwines the tuples M z ∈ B(H 0 ) n and T ∈ B(H) n componentwise and respects the gradings on both sides in the sense that
The induced C[z]-module homomorphism Π 0 :H 0 →H is minimal in the usual algebraic sense, that is, satisfies the inclusion
Indeed, by the definition of D 0 and part (a) of Corollary 2.6, we obtain
The kernel M 0 = Ker(H 0 Π 0 −→ H) is a homogeneous closed invariant subspace for M z ∈ B(H 0 ) n and T 0 = M z |M 0 ∈ B(M 0 ) n is a commuting row contraction of degree γ on M 0 such thatM 0 ⊂H 0 is a finitely generated C[z]-submodule. Since T 0 satisfies the same hypotheses as T ∈ B(H) n , we can repeat the process. In this way we obtain a sequence . . .
We write
. Then the tuples M z ∈ B(H i ) n are finitely generated γ-graded and the maps Π i : H i → H i−1 (i ≥ 1) respect the gradings. The induced complex . . .
consists of minimal C[z]-module homomorphisms. The following lemma shows that this complex defines a minimal graded free resolution of the finitely generated graded C[z]-moduleH. Proof. Let x ∈ H k be an element with βx = 0. Then there is a sequence (x j ) j≥0 in L such that (αx j ) j≥0 converges to x. Let P H k and P L k be the orthogonal projections of H onto H k and L onto L k . Since α respects the gradings, it follows that
Since H k is finite dimensional, the subspace α(L k ) ⊂ H k is closed and hence x ∈ α(L k ). Thus the assertion follows. Let T ∈ B(H) n be a commuting tuple on a Hilbert space H and let (H i , T i ) i≥0 be a finite or infinite family of Hilbert spaces H i and commuting tuples T i ∈ B(H i ) n such that there is a complex . . .
of bounded linear operators Π i that intertwine the tuples T i ∈ B(H i ) n and T ∈ B(H) n componentwise. Following Douglas and Misra [7] and Arveson [4] Since W Mz (H 2 n (D i )) = D i , the family (H 2 n (D i ), M D i z ) constructed above for the finitely generated γ-graded commuting row contraction T ∈ B(H) n defines a weak resolution . . . 
